Solve 2*=x? and its general form

By Trinh, Spring-break 2025

Generalform, solve A* = xB (A>0andx #0)
1 1
Goal: Convertto form kk = xx - Solutionx = k

1 1 1
Power both sides to — > (4% = x)ax > A = x

1 1
Work on the left side to convert it to form kk = AB

We want to obtain a variable X suchthat AX = BX = k
Sub work
Think of equation in the form AX = BX
Multiply both sides by —A™* - —A~% (A% = BX) > -1 = —BXA™*

Rewrite A = e" @ We have —1 = —BXe XnA)

Muttiply & both sides > 22 (—1) = (2 2) (—Bxe~*n)

—In(4
B( ) _ —XIn (A)e XA

Apply Lambert function (product logarithm) both sides

Woylze®) = x forxz = —1,
W_q(ze®) = x for & < —1.
—In (A
W( B( )) = W(—XIn(4)e *nA)
—In (A)
) _ _w(=EY)
or w (=) = —xin(4) >x= S
Back to main work, since
(—ln (A))
A*=Bx=k >k=AXork=BX>k=B—2~
~In (4)
W(—ln (A))
Now we have the solution for our problemx = k = B T’é@

Don’t be confused between x in the main solution with X in sub work


https://en.wikipedia.org/wiki/Lambert_W_function

Finally, back to our original, solve A* = x5 (A>0andx #0)

W)

Solutionk =x = BT(m

Using either principal branch W, or secondary branch W4

or both to obtain the real solution(s)

—In (A) —In (2)
R e
Solve 2*=x* A=2 B=4 x=B =4
—In (4) —In (2)
Link to solution 1 x = 1.2396 Link to solution2 x = 16
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Assuming "log” is the natural logarithm | Use the base 10 logarithm instead
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Number line

| wrote a solution checking with productlog function embedded in demos here.
(Just google desmos productlog function)

https://www.desmos.com/calculator/g2cjgfmcxl



https://www.wolframalpha.com/input?i2d=true&i=Divide%5B4%2C-log%5C%2840%292%5C%2841%29%5D*lambert+w+function%5C%2840%29Divide%5B-log%5C%2840%292%5C%2841%29%2C4%5D
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https://www.desmos.com/calculator/q2cjgfmcxl

