
Solve 2x = x4  and its general form 

      By Trinh, Spring-break 2025 

General form, solve     𝐴𝑥 = 𝑥𝐵   (A > 0 and 𝑥 ≠ 0 ) 

 Goal:  Convert to form   𝑘
1

𝑘 = 𝑥
1

𝑥 → Solution 𝑥 = 𝑘 

Power both sides to 1

𝐵𝑥
 → (𝐴𝑥 = 𝑥𝐵)

1

𝐵𝑥  → 𝐴
1

𝐵 = 𝑥
1

𝑥 

Work on the left side to convert it to form 𝑘
1

𝑘 = 𝐴
1

𝐵 

We want to obtain a variable 𝑋 such that 𝐴𝑋 = 𝐵𝑋 = 𝑘 

Sub work 

Think of equation in the form  𝐴𝑋 = 𝐵𝑋   

Multiply both sides by −𝐴−𝑋 → −𝐴−𝑋(𝐴𝑋 = 𝐵𝑋) → −1 = −𝐵𝑋𝐴−𝑋  

Rewrite 𝐴 = 𝑒ln (𝐴)  We have −1 = −𝐵𝑋𝑒−𝑋𝑙𝑛(𝐴) 

Multiply ln (𝐴)

𝐵
 both sides → ln

(𝐴)

𝐵
(−1) = (

ln (𝐴)

𝐵
) (−𝐵𝑋𝑒−𝑋𝑙𝑛(𝐴)) 

−ln(𝐴)

𝐵
= −𝑋ln (𝐴)𝑒−𝑋𝑙𝑛(𝐴) 

 Apply  Lambert function (product logarithm) both sides 

 

 

𝑊 (
−ln (𝐴)

𝐵
) = 𝑊(−𝑋𝑙𝑛(𝐴)𝑒−𝑋𝑙𝑛(𝐴)) 

Or  𝑊 (
−ln (𝐴)

𝐵
) = −𝑋𝑙𝑛(𝐴) → 𝑋 =

𝑊(
−ln (𝐴)

𝐵
)

−ln (𝐴)
 

Back to main work, since  

𝐴𝑥 = 𝐵𝑥 = 𝑘  → 𝑘 = 𝐴𝑋 𝑜𝑟 𝑘 = 𝐵𝑋 → 𝑘 = 𝐵
𝑊(

−ln (𝐴)

𝐵
)

−ln (𝐴)
 

Now we have the solution for our problem 𝑥 = 𝑘 = 𝐵
𝑊(

−ln (𝐴)

𝐵
)

−ln (𝐴)
 

 Don’t be confused between 𝑥 in the main solution with 𝑋 in sub work 

https://en.wikipedia.org/wiki/Lambert_W_function


Finally, back to our original, solve     𝐴𝑥 = 𝑥𝐵   (A > 0 and 𝑥 ≠ 0 )   

 Solution 𝑘 = 𝒙 = 𝑩
𝑾(

−𝐥𝐧 (𝑨)

𝑩
)

−𝐥𝐧 (𝑨)
   

Using either principal branch Wo or secondary branch W-1  

or both to obtain the real solution(s) 

Solve 2x = x4  A = 2 B= 4 → 𝑥 = 𝐵
𝑊(

−ln (𝐴)

𝐵
)

−ln (𝐴)
= 4

𝑊(
−ln (2)

4
)

−ln (2)
 

 

Link to solution 1 𝑥 = 1.2396    Link to solution 2 𝑥 = 16 

 

 

I wrote a solution checking with productlog function embedded in demos here.  

 (Just google desmos productlog function) 

https://www.desmos.com/calculator/q2cjgfmcxl  

 

 

https://www.wolframalpha.com/input?i2d=true&i=Divide%5B4%2C-log%5C%2840%292%5C%2841%29%5D*lambert+w+function%5C%2840%29Divide%5B-log%5C%2840%292%5C%2841%29%2C4%5D
https://www.wolframalpha.com/input?i2d=true&i=Divide%5B4%2C-log%5C%2840%292%5C%2841%29%5D*productlog%5C%2840%290%5C%2844%29%5C%2840%29Divide%5B-log%5C%2840%292%5C%2841%29%2C4%5D
https://www.desmos.com/calculator/q2cjgfmcxl

